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JACOB’S LADDERS, RIEMANN’S OSCILLATORS, QUOTIENT 
OF TWO OSCILLATING MULTIFORMS AND SET OF 
METAMORPHOSES OF THIS SYSTEM 

JAN MOSER 


Abstract. In this paper we introduce complicated oscillating system, namely 
quotient of two multiforms based on Riemann-Siegel formula. We prove that 
there is an infinite set of metamorphoses of this system (=chrysalis) on critical 
line O' = ^ into a butterfly (^infinite series of Mdbius functions in the region 
of absolute convergence cr > 1). 

To memory of the Hardy’s Pure Mathematics 


1. Introduction 


(1.1 


1.1. Let us remind the Riemann-Siegel formula 

Z{t)=2 cos{i?(t) — tInn}-t- 

(see [7], p. 60, comp. 0 , P. 79), where 

^(t) = -^InTT-Plmlnr , 

(see [8], p. 239). Next, we have defined in our paper [6] the following multiform 

k k , ^ . 

G{xi,...,Xk) = W_\Z{Xr)\ = W_ Cy-^+iXrJ , 


( 1 . 2 ) 


r=l 

Xr > T > 0, fc = 1,2,..., fco, fco € N 


in connection with the Riemann-Siegel formula (HH). Furthermore, we have defined 
the subset of the set of points 

(xi,..., Xfe) G [T, -l-oo)'' : T < Xi < X 2 < ■ ■ ■ < Xk, 

Xri^l ■■ C Q + u) = 0> »' = 1> ■ ■ ■ , fc, 

and we have proposed the following 


Question. Is there in this subset a point 

(yi, ■ • ■ ,yfc) 

of metamorphosis of the multiform (11.21) that is also the point of significant change 
of the structure of the multiform (11.21) ? 
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1.2. We have obtained the following answer (see my- there is an infinite set of 
elements 


(1.3) {ao{T),ai(T),...,ak(T)}, T G (To,+oo), Tq > 0, 

where Tq is sufficiently big, such that 


n 


_^ 2 

—= cost'diar) — ar\mi} 
s V ^ 


n<T(a 


(1.4) 


A 


|En<r(ao) cos{i?(ao) - oq Inn} + e>(ao ^^^) 


T —^ oo, 

where (see i, (1.7)) 


A = ^^ln'=r, 


i.e. to the infinite subset 


{ai(T), ..., afc(r)}, T G (Tq, +oo) 

an infinite set of metamorphoses of the multiform (HID into quite distinct form on 
the right-hand side of da corresponds. 

Remark 1. We shall call the elements of the set a as a control parameters 
(functions) of the metamorphosis. The reason to do so is that the parameters 


{ai(T),...,afc(r)} 


change the old form into the new one (see (II.4p and this last is controlled by the 
parameter ao{T). That is, the set (11.31) plays a similar role as the shem-ha-m’forash 
in Golem’s metamorphosis. 


1.3. Let us notice the the following: the set of all metamorphoses that is described 
by the formula a is connected with the critical line cr = i. In this paper 
we introduce a new complicated oscillatory Q-system, namely the quotient of two 
multiforms of the type (HU- Secondly, we obtain an infinite set of metamorphoses 
of this system into an infinite set of infinite series of the type 


(1.5) 


k-jn) 

n—1 


(T > 1, 


where ^^{n) is the Mobius function. Consequently, we see that the old system 
(chrysalis), before metamorphosis, is defined on critical line cr = i, and the new 
form (butterfly), after metamorphosis, is defined in the region cr > 1. That is, 
mentioned sets are disconnected each to other (their distance reads 1/2). 
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2. Theorem 

2.1. Now we introduce new complicated oscillatory system as a quotient of two 
multiforms of type (11.21) (the Q-system) 


( 2 . 1 ) 


G{xi, ...,xk;yi,...,yk) = Y[ 


r=l 


Z{Xr) 


n 


Z{yr) 

T,n<r{xr.) COs{^{Xr) - Xr Inn} + R{Xr) 


T,n<T(yr) 7^ cos{i^{yr) - ?/r Inn} + R{yr) 


{xu...,Xk) G Ml, {yi,...,yk) G Ml, 


R{t) = 
fc < fco G N 


(fco is an arbitrary and fixed number), where 

Ml = {{xi,... ,Xk) G (To, + 0 ©)'" : Tq < a;i < a ;2 < • • • < Xfe, 

Xr^l ■■ C ( ^ + *7) = 0, = 1. ■ • ■, fc}, 

( 2 . 2 ) ^ 

Ml = {(2/1, - ,2/^) e (To,+oo)'' : To < yi < 2/2 < •• • < 2/fc, 
yr^l ■■ C Q + * 7 ) = 0 , "T = 1 , • ■ •, fc}- 


2.2. The following theorem holds true about the set of metamorphoses of the 
Q-system m 

Theorem. Let 

1 ^ k ^ ^ ^ 

(2.3) [T,T + U]^[T,T + U],...,[T,T + U] 

where 

r 

[T,T + U], r = 1,... ,j, k<ko 
U = U{T,e) = \n\nT + e\iiT, 0e [0,1] 

be the r-th reversely iterated segment corresponding to the first segment in (12.31) . 
Let furthermore 

(2.4) a G [1 -|- e, -too), e > 0 

where e is sufficiently small and fixed number. Then there is a sufficiently big 

To =To(e) 

such that for every T > Tq and every admissible cr,Q,k,e there are functions 
Ur = ar{(J, T, 0, k,e), r = 0,1,..., k, 

Or 7 : ^ +*" 1 ) = 

Pr = PriT, Q,k), r = l,...,k. 
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such that 


( 2 . 6 ) 


n 


En<r(a,) cos{r?(ar) - ar Inn} + R{ar) 


J2n<TiM ^ cos{i?(^r) - Pr Inn} + R{f3r) 




jj(T-\-icxo 


n—1 


, T —>■ oo, 


where /r(n) is the Mobius function. Moreover, the sequences 

{ar}Lo, mLi 

have the following properties 

T < ao < ai < ■ ■ ■ < ak, 

T<Pi</32<---<^k, 


(2.7) 

( 2 . 8 ) 
where 


ao € (T,T + U), ar, /3r- € (T, T + C/), r = 1,..., fc, 

J Ur+i - Or ^ (1 - c)7r(r), r = 0,1,..., fc - 1, 

I pr+i - f3r ^ c)-k{T), r = 1,..., fc - 1, 




is the prime-counting function and c is the Euler’s constant. 
2.3. Now, we give the following remarks. 


Remark 2. The asymptotic behavior of the following sets 

(2.9) {a,}to> 

is as follows (see (12.8^ : if T —>• oo then the points of every set in ()2.9I) recede 
unboundedly each from other and all these points together recede to infinity. Hence, 
at T —>■ oo each set of (j2.9p behaves as one-dimensional Friedmann-Hubble universe. 

Remark 3. In this Theorem we have obtained three resp. two parametric sets of 
control functions (=Golem’s shem) for fixed and admissible fc, e 

{ao(cr, T,0),ai((T, T,0),.. .,ak{<J, T,0)}, 

(2.10) {/3i(r,0),...,/3fe(r,0)}, 

O' S [1 J- e, -foo), T £ (Tq, J-oo), 0 £ [0,1], 
of the metamorphoses (12.61) . (comp. Remark 1 and [6]). 

Remark 4. The mechanism of metamorphosis is as follows. Let (comp. (12.2L 

(I2T01) ) 

M3 = {ai(a,r,0),...,afc(o,T,0)}, 

(2.11) M4 = {/3i(r,0),...,/3fe(r,0)}, 

O' £ [1 J- e, J-oo), T £ (To, J-oo), 0 £ [0,1], 

where, of course. 


( 2 . 12 ) 


M^CMl C (To,+oo)^ 
M^CMic{To,+^f. 
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Now, if we obtain after random sampling (say) of the points 

{xi,...,Xk), {yi,...,yk) 

(see conditions (|2.2I) on these) that 

{ xi ,..., Xk ) = (ai((T,T,0),...,afc(cr,r, 0)) G M|(e), 

(2/i,...,2/fe) = (^i(T,0),...,/3fc(r,0))GM4 

(see (|2.11|) . (12.121) 1 then - at the points (|2.13l) - change (see (12.61) 1 the Q-system (12.11) 
its old form (=chrysahs) into a new form (=butterfly) and the last is controlled by 
the function ao{a,T,Q). 

3. Riemann’s oscillators as a basis of the Q-system (12.111 
3.1. The following local variant of the Riemann-Siegel formula holds true. 

Spectral Formula. 



(3.1) 



t G [Xr,Xr + H], H G (0, 


where (comp. (12.21) 1 

To <Xr, r = 1,..., fc. 

Proof. We will make the following transformations of the Riemann-Siegel formula 


(3.2) 



(a) Since 


I = 0{T{Xr + H) — T{Xr)} 


T{Xr)<.'n<T{Xr-\-H) 



then 


T{Xr)<.n<T{Xr-\-H) 





Consequently, we have (see (13.21) 1 that 


(3.3) 



t G [Xr,Xr + H], 
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(b) Next, we use the following formula 


(3.4) 


(3.5) 


(3.6) 


(3.7) 


l?(t) = ^(Xr) + ‘d'{Xr)(t - Xr) + - Xrf, 

G (Xr, Xr + H), t G [Xr, Xr + H], 

Since (see [5], pp. 221, 329) 

^w = 5in^-|-i + or'). 


r(t) 


1 


then 


and 


■ffiXr) = Xr Inr(Xr) ~ ^ ~ g ^ (~) ’ 
■d'{Xr){t -Xr) = (^)} ~ ^ 

= |lnr(a;r) + O “ 2:^) = 

= t lnT(a:r) — Xr lnT(a;r) + CJ ^ = 

= t Inr(xr) — Xr Inr(xr) + O ■ 

Hence (see (ESD-lEll)) 

'd(t) — t In n = t In- \- O { - 

n 2 8 \ Xr 

= Hn^-^--+0(x-i/^). 

n 2 8 

Putting (13.71) into (13.3p we obtain the result (13.11) . 


□ 


3.2. It is natural to introduce the following terminology (based on the formulae 
Remark 5. We shall call: 

(a) the formula m as the local spectral form of the Riemann-Siegel formula 

(1^ 

(b) the sets 

T(Xr) 


\^^n(^Xr)\ri<T{xr) J ^niXr) — 1R 

{w„(2/r)}n<r(j/r)> W„(j/r)=ln 
r = l,...,/c 


n 
T{yr) 
n 


as the local spectrum of the cyclic frequencies of the Q-system dni), 
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(c) the expressions 



t & [Xr,Xr -\- H], 1 < n < T{Xr), ■ ■ ■ 


as the local Riemann’s oscillators with the set of incoherent local phase 
constants 


( Xj> 


/ Vr 


IT 

8/ ’ 

1 2 

8/ 


and, moreover, with the set of non-synchronized local times t = t{xr)- 
Now, based on our Remark 5 we give the following 
Remark 6. We see that the Q-system 

G{xi, -.Vk) 

(see expresses the complicated oscillating process that is generated by oscilla¬ 
tions of a big number of the local Riemann’s oscillators (13.81) . Just for this oscillating 
Q-system we have the oscillators (13.81) . Just for this oscillating Q-system we have 
obtained the infinite set of metamorphoses described by the formula (12.6p . For 
example, if 

k = F4 = 2^^ + 1 = 65537 

where is the Fermat-Gauss prime, then the above mentioned big number of 
Riemann’s oscillators (interacting oscillators) is bigger than 



4. Proof of the Theorem 

4.1. Let us remind the formula (see i, (2.1)) 
pT+U 


(4.1) 


\Cia + it)\^dt = C{2a)U+ 0{1). 


This formula holds true uniformly for 


T,U > 0, (T > 1 -I- e, e > 0, 

where e is arbitrary small fixed number and the CJ-constant depends on the choice 
of that e. Since 

C(2a)C/ + 0(l) = C(2a)C/{l + 0(i)} 
then the formula (03 is asymptotic one. For example, in the case 


U > InlnT, CT G [1 -f e, J-oo). 

We use in this paper the following local version of the formula 03 

I.T+U{T,B) 

/ |C(a + ^^)pd^^C(2a)t/(^,0), 


(4.2) 


C/(r,0) =lnlnr-k01nT, 
(7 € [1 + e, H-oo), © € [0,1]. 
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4.2. Since (see (14.21) 1 
(4.3) 




then we have by our lemma (see [5], (7.1), (7.2)) that 
pT+U(T,e) 

/ \C{a + it)\^dt = 


(4.4) 


i.e. (see g2i), ga) 


pT+U 


fc-1 


/ ^ 

/T 




r=0 


/*T+C/ 


k-1 


(4.5) 


IC[^ + n ^ C(2a)t/. 


r=0 


Next, we obtain by using the mean-value theorem in (j4.5p that 

k-1 


n 2 ^K(i)]-C( 2 c 


U 


1 


(4.6) 


r=0 


|C[a + *<pgd)]P’ 

T + U-T 

1 k 


d = d{a, T, 0, k, e) G {T,T + U). 

4.3. Further, we have (comp. [5], Property 2, (6.4) and [6], (5.4)) that 

k ^ k r k—r 

d G (T, f+U) ^ iflid) G ( T, fTu), r = 0,1,..., fc, 


i.e. 


ip°M) = akG{T,T+U), 


k-1 


k-1 


iplid) = ak-i G ( T ,r + 17). 


(4.7) 


^t^{d) = a2G{T,T + U), 

^J-i(d) = aiG(T,TTc/), 
^^,{d) = aoG{T,T+U). 
Consequently, from (14.61) by (14.71) the formula 

k 

TT^"(«/)-^c( 2 a)—^ ^ 

(4.8) 


1^1 


klCicr + iaoW 
T + U-T 
ar = ar{cr, T,Q,k,e), r = 0,1,... ,k 


follows. 


Remark 7. Wee see that corresponding inclusions for a^. in (1^ follows from (ITTl) . 
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4.4. Next, we introduce the infinite collection of the following disconnected sets 
(4.9) A(T, 0, fc) = U [T, 

r—0 

(comp. (14.21) 1. Let us remind the following properties of (14.91) (see (14.31) . comp. [3, 
(2.5) - (2.7), (2.9)): since 

f/(t,e) = o(jA) 


\[T,fTu]\=T + U-T = o(^—y r = l,...,fc, 

r—1 

|[fTc/,r]|^(l-c)7r(T), 

1 _ ^ _ k ^ 

[T, T+U]~< [T, f+U] -< - <[T, f+U]. 

Consequently, the properties (I2J1) . (1^ follows from (14.7|) . (14.101) immediately. 


then 

(4.10) 


4.5. Next, we have (see [5], (3.9), [3], (9.1), (9.2), comp. [5], (4.1), (4.2)) that 


where 


(4.11) 


Z^it) = 


dipijt) 

dt 


7’i(i) = 


zHt) Idh + ^t) 



Int. 


We call the function (pi{t) the Jacob’s ladder (see our papers [2], [3]) according to 
Jacob’s dream in Chumash, Bereishis, 28:12. Further we have (comp. [5], (4.3)) 


(4.12) Int-lnT, VtG (r,T + [/), 
i.e. we have (see (14.8L (14.111) . (14.121) 1 that 

(4.13) 

Consequently, the following formula 


(4.14) 


Hz^iar) 


r=l 


C(2a) ^ In^T 

f+U-T 


|C(ct + iaoW 


(see (14.8p . (14.13^ 1 holds true. 
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4.6. Next, let us remind the following formula (see conditions (14.31) and [5], (9.5), 
comp. [5], (7.1), (7.2)) 


nT+U pT+U fe-1 

= L fiV’lit)] n 

^ r=0 


holds true. If we put 
then we obtain 

(4.15) 


U = 


fit) = 1 


pT+U k-1 
^ r—O 


Further, we have by making use of the mean-value theorem in (j4.15l) 

k-l 


u 


(4.16) 


r=0 


T + U-T 


e = e(T,0,fc) G {T,T+U). 

Since 

eG(T,fTt/) ^ t^Ue) e ( F,fTt7), r = 0,1,..., fc - 1, 
then we have (similarly to (14.7^ 1 that 

k ^ 

<^°(e) = /3fc G iT,fTu), 

k—l 

‘p\i^) — Pk-1 G ( T ,T+ U), 


(4.17) 


^t-2(e)=/32G(T,r + t7), 

1 _ 

V5t-'(e)=/3iG(T,r + t7). 

Now, we obtain from (14.161) by (14.171) . (comp. (14.131) ') the following formula 

k 


(4.18) 




U 


■ In T, T ^ oo, 


T+U-T 

f3r = PriT, 0, fc), r = 1,..., fc. 


Remark 8. Of course, our sequence {/3r}) similarly to the sequence {a^} has the 
properties listen in (12 JL (12.81) . 

Consequently, the following factorization formula (comp. [6]), (see (14.141) . (14.181) ') 

k 


(4.19) 


n 

r—l 


Z[ar{a)\ 


ZiPr 




IClo- + iao(o-) 


T —>■ 00 


holds true. Finally, the formula (12.61) follows from (14.191) (see (II.5|) . (12.11) '). 
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